Abstract. In today's uncertain economic environment, economic risk is inherent in making large investments on manufacturing facilities. It is, therefore, practically meaningful to divide investment over multiple periods, reducing the risk of investment. Then, the cash-flow over the entire planning horizon would comprise positive inflow and negative outflow. In this case, in general, evaluation by internal rate of return (IRR) is not feasible, because multiple IRRs are involved. This paper deals with a problem of evaluating profitability, as well as risk, of investment alternatives made in multiple times of investment over the entire horizon. Typically, an additional investment is required after the initial one, for expanding manufacturing capacity or other reasons. The paper pays attention to a unit cash-flow over two periods, decomposing the total cash-flow into a series of unit cashflow patterns. It is easy to evaluate profitability of a unit cash-flow by using IRR. The total cash-flow can be decomposed into the series of two types of unit cash-flows: an investment type one (negative-positive) and the borrowing type one (positive-negative). This paper, therefore, proposes a method in which only the borrowing type unit cash-flow is eliminated in the series by converting total cash-flow using capital interest rate. Then, a unique IRR can be obtained and the profitability is evaluated. Thus, the paper extends the method of IRR so that it may help decision making in complicated cash-flow pattern observed in practice.
INTRODUCTION
Under recent uncertain economic environment, it is sometimes reasonable in practice to divide investment into multiple times, in such a case as establishing an overseas manufacturing site. It means that initial investment is followed by another one several years later for the purpose of installing additional machinery or starting full capacity operation. In such a case, total cash-flow involves multiple times of investment, and therefore, so-called the internal rate of return (IRR) method is not applicable to judging profitability over the total life, since multiple IRRs may be obtained.
Many studies have been made on the issue of multiple IRRs. Such studies have focused on mathematical analysis of net present value (as well as net future value) function and IRR as roots of an equation of high degree. classify investment projects into pure investment and mixed investment. The phenomenon of multiple IRRs occurs only in the situation of a mixed investment. They propose the project investment rate (PIR) which is dependent on the capital interest rate. The mixed investment can be judged by comparison of PIR and the capital interest rate. As a trial and error approach, a set of computer codes for calculating PIR are proposed (Ward, 1994) . Mizumachi et al. (2002) developed another algorithm for computing PIR as IRR of certain pure investment obtained by conversion of the original mixed investment based on the capital interest rate. Nevertheless, the proposed algorithm is unsatisfactory in the sense that the calculation of IRR in the mixed investment which might involve multiple IRRs still remains undeleted in the algorithm.
In this paper, we focus on one year investment project which consists of an investment (negative cash-flow) and a positive return. The IRR of one year investment project is calculated as the rate of increase of capital in the project. The project is clearly evaluated by the comparison of its IRR and the capital interest rate. We attempt to apply the IRR criterion of the one year investment project to the evaluation of the investment project over the entire horizon. We decompose total cash-flow of the investment project into a series of unit cash-flows over two periods. The unit cash-flow is classified into two types; the "investment type" in which negative cash-flow (investment) occurs at the end of one period and positive cash-flow (return) comes at the end of the next period, and the "borrowing type" in which positive cash-flow occurs at the end of one period and negative cash-flow follows at the end of the next one. We also analyze the cash-flow as a repetition of fundamental cashflow pattern, namely, one time investment followed by positive returns. It is known that the fundamental cashflow pattern has a unique IRR.
The practical concerns are: whether the IRR method is applicable to given cash-flow; and how it can be evaluated if the IRR method is not applicable. Major purposes of this paper are as follows:
(1) To clarify the condition where IRR method is applicable to specific cash-flow pattern which involves two times of investment. (2) In case where the IRR method is not applicable, to present a new evaluation method applying IRR. In the method, calculation of multiple IRRs should be avoided. Application of the procedure to more complicated cash-flow is an area for future study.
The rest of the paper is organized as follows. Chapter 2 presents the model, with assumptions and notations. Chapter 3 provides the fundamental analysis of the profitability of investments by decomposing the total cashflow into the series of unit cash-flows. Chapter 4 presents the expanded IRR method. The numerical examples are discussed in Chapter 5. Finally the conclusion is presented in Chapter 6.
MODEL PRESENTATION

Assumptions and Notations
This paper investigates the problem using following assumptions and notations: 1.
[ ] , , , 0 1 a a a n n = A denotes an investment project which generates net cash flows of a t at the end of period t, where
2. The project balances of A for interest rate i are defined as follows:
The project balance at the end of period n is equivalent to the Net Future Value (NFV) function. 
3. The IRR of A is denoted by r A , which satisfies
4. The capital interest rate is given and represented by 0 i . 
The subscript t outside of [ ] represents the final period of the cash-flows listed in [ ]. As shown in Fig.1 
Investment unit cash-flow Borrowing unit cash-flow Figure 1 . Unit cash-flow.
6. We call the cash-flow which consists of one time investment and positive returns, the fundamental cashflow pattern.
Problem to be Solved
This paper investigates the cash-flow involving investment in two times over the entire horizon. We denote the cash-flow pattern by D . We define the judgment criteria for evaluating the profitability of D based on the comparison of IRR and the capital interest rate. Where D and the capital interest rate 0 i are given, the problems are: 1. To clarify the condition that D is classified into the pure investment to which IRR method is applicable. 2. When D is classified into the mixed investment, to present an evaluation method for D by calculating only IRR of the pure investment.
FUNDAMENTAL ANALYSIS
3.1 Decomposition of Total Cash-flow into Series of Unit Cash-flows Theorem 1: The cash-flow is decomposed into sum of the series of unit cash-flows whose IRR is i and the NFV function of i at the end of period n.
Proof: The following equations can be obtained from the Eqs.
(1).
Using Eqs. (8), A can be rewritten as follows.
[ ] 
Q.E.D.
We denote the series of unit cash-flows by ( ). 
Profitability of Series of Unit Cash-flow Patterns
We classify the series of unit cash-flow patterns into two categories as follows.
The pure investment series comprises only of the unit cash-flow of the investment type. The mixed investment series comprises both of the investment type and the borrowing one. The NFV of 
is calculated as sum of the NFV of each unit cash-flow. Since the pure investment series comprises only of the unit cash-flow of the investment type, the NFV of ( ) r A has the same property as that of the investment unit cash-flow shown in Property 1.
Combination of Two Pure Investment Series
Lemma 1: We shall consider decomposition of pure investment series ( ) r A into the series of unit cash-flow patterns where the interest rate is i.
is a monotone decreasing function of i, where
is pure, the next statement holds.
We shall prove the next statement by mathematical induction.
The following statements hold. 
The next statement holds.
from Eq. (16), the next statement holds.
Then, statement (20) 
Since 0 0, a < the NFV of A satisfies the next statement. 
Then B is decomposed into the pure investment se-
Lemma 3: We shall consider 
Proof:
The second term of the right hand side of Eq. (33) can be divided into
It follows that: , ,
, n B , we obtain the pure investment series 
By mathematical induction, Lemma 4 is proved. Q.E.D.
Two fundamental cash-flow patterns can be derived from the total cash-flow of D (see Figure 2) . The first fundamental pattern is denoted by:
and the second one by: 
It follows 
Therefore, the unit cash-flow at the k-th period of 
EXPANDED IRR METHOD
Decomposition into Mixed Patterns Using Neutral
Borrowing Unit Cash-flow
In order to resolve the problem inherent in the mixed investment series, we decompose the total cashflow into the series of unit cash-flows, regarding the capital interest rate 0 i as the value of IRR for the borrowing unit cash-flow.
We define the project balance 
Eq. (55), which follows, can be derived from the same manner by which Eq. (7) was derived from Eq. (1).
A is decomposed into the sum of the series of unit cashflows and
A n F i i at the end of period n. The IRR for the investment unit cash-flow is i. The IRR for the borrowing unit cash-flow is 0 .
i We denote
holds, then there is no borrowing unit cash-flow among ( ). 
Lemma 5:
by mathematical induction. The next statement holds.
the next statements hold. Where
Where 
Proof. Next statement holds.
holds, then the next statements hold.
Assuming that 
we have 
Where 1 t n + < , then the next statements hold. Where 
By mathematical induction statement (64) 
From (74), (75) 
which has one less borrowing unit cash-flow than
Proof. , 1
′ D can be obtained by applying the conversion as follows: 
The borrowing unit cash-flow ≤ − ) eliminating the borrowing unit cash-flow. The procedure for judging the profitability of D is described in Figure 6 .
In the procedure we calculate only IRR of pure investment. Therefore, we are not faced with the problem of multiple IRRs. The conversion D into ′ D does not change the NFV (nor NPV). The proposed procedure leads to an evaluation consistent with the NFV and NPV criteria. 
NUMERICAL EXAMPLES AND DIS-CUSSION
As numerical examples, we shall consider following cash-flows. The capital interest rate 0 10% The cash-flows and the series of unit cash-flows are shown in Figure 7 . P is decomposed into pure investment series. 
The comparison of IRR of investment unit cash-flow and capital interest rate determines the profitability of the total cash-flow. 25.0% r = P means that the efficiency of investment is 25.0%. At the same time, it shows the maximum rate of fund raising to keep the project P to be profitable.
Q is decomposed into mixed investment series. ( ) 
The borrowing unit cash-flow does not influence the profitability of the total cash-flow because its IRR is the capital interest rate. 
